Teoria i1 praktyka programowania gier

komputerowych
3D projection

Piotr Fulmanski

Wydziat Matematyki i Informatyki,
Uniwersytet tédzki, Polska

8 grudnia 2014



Spis tresci

© View (Camera) Space

© 3D projection
@ General information
@ Ortographic projection
@ Rzut réwnolegty
@ Rzut perspektywiczny — idea
@ View frustum
o View frustum — parameters
@ View frustum — corners
@ View frustum — homogeneous clip space
@ View frustum — screen space coordinates



View (Camera) Space

Suppose that all the models are positioned and oriented in the world
(using different transformation matrix — for the 3D case we will discuss
transformation matrix in the next lecture). The next thing to consider is
the location of the camera. Thus we need another matrix that tells the
graphics card how to transform the models from world space into a
coordinate space that is relative to the camera. The matrix most
commonly used for this is a look-at matrix . In a look-at matrix, the
position of the camera is expressed in addition to the three coordinate
axes of the camera.



View (Camera) Space

For a row-major left-handed coordinate system, the look-at matrix is
expressed as

L, U, Fc O
L U, F, O
L, U, F. O
. T, T, 1

where L is the left or x-axis, U is the up or y-axis, F is the forward or
z-axis, and T is the translation.



View (Camera) Space

To calculate this matrix three inputs are needed:
@ the position of the camera (the eye),
@ the position of the target the camera is looking at,
@ and the up vector of the camera.
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View (Camera) Space

function CreateLookAt( Vector3 eye, Vector3 target, Vector3 Up )

end

Vector3 F = Normalize( target — eye )

Vector3 L = Normalize(CrossProduct( Up , F ))
Vector3 U = CrossProduct( F , L )

Vector3 T

T.x = —DotProduct( L , eye )

T.y = —DotProduct( U , eye )

T.z = —DotProduct( F , eye )

// Create and return look—at matrix from F, L, U,

and T



3D projection

Types

Podstawowym przeksztatceniem w grafice trdjwymiarowej jest
rzutowanie, gdyz komputerowa wizualizacja jakiegokolwiek obiektu
przestrzennego wymaga odwzorowania go na ptaski ekran monitora.
Metody rzutowania mozemy podzieli¢ na dwie grupy

o rzuty réwnolegte (rysunek techniczny; zachowuje réwnolegtosé
prostych, stosunek dtugosci odcinkéw réwnolegtych itd),

@ rzuty perspektywicze nazywane tez rzutami perspektywicznymi
(realistyczna wizualizacja obiektéw, wrazenie gtebi).



3D projection

Comments

Przy rzutowaniu na pfaszczyzne N obrazem punktu p jest punkt p’
przeciecia sie tej ptaszczyzny z prosta (nazywana promieniem rzutowania)
przechodzaca przez p. Oczywiscie takich prostych jest nieskonczenie
wiele, ale w przypadku
@ rzutu réwnolegtego ustalamy, ze wszystkie proste maja ten sam
kierunek rzutowania d (jesli jest on prostopadty do rzutni, to rzut
nazywamy ortogonalnym);
@ rzutu perspektywicznego ustalamy, ze wszystkie proste (promienie
rzutowania) maja wspolny punkt e (odlegtos¢ tego punktu od rzutni
I decyduje o, deformacji” rysunku).



3D projection

In practice — simple case

In practice znalezienie wspérzednych rzutu p’ punktu p sprowadza sie do

rozwigzania zadania wyznaczenia przeciecia ptaszczyzny I1i prostej

(promienia rzutowania) okreslonej punktem p i kierunkiem d przy rzucie

réwnolegtym lub punktem p i srodkiem rzutowania e w przypadku rzutu

perspektywicznego. Zauwazmy przy tym, ze milczaco zatozylismy, iz

@ potozenie wszelkich obiektéw wyrazone jest w jednym i tym samym

uktadzie wspétrzednych: w uktadzie, w ktérym zostat opisany
rysowany obiekt (ukfad danych, world-space coordinates);

@ wszystkie obiekty umiejscowione s3 na scenie w taki sposéb abysmy
nie musieli przejmowac sie ich widzialnoscia (tzn. zaktadamy, ze
wszystkie obiekty daja sie narysowac).



3D projection

In practice — real case

Unfortunately real life is not so simple. Jak juz zauwazyli$my, stosujac
uprzednio opisane podejscie otrzymujemy wspétrzedne punktu p’ w
uktadzie tréjwymiarowym, w ktérym zostat opisany rysowany obiekt
(world-space coordinates). My natomiast potrzebujemy wsp6trzednych w
uktadzie dwuwymiarowym okreslonym na ptaszczyznie rzutowania 1.
Metod wyznaczenia takich wspétrzednych jest wiele — w dalszej czesci
oméwimy:

@ intuitive approach (screen space = view space),

@ ostrostup widzenia (view frustum).

Dodatkowa trudnoscia jest to, ze zwykle musimy pracowaé z wiecej niz
dwoma uktadami wspétrzednych (zwykle przynajmniej dwa, gdyz mamy
uktad danych oraz uktad zwigzany z punktami ptaszczyzny I1).



3D projection

In practice: intuitive approach (screen space = view space): rzut rownolegty: szczegélny
przypadek: rzut prostopadty (ortographic projection)

Najbardziej intuicyjnym rozwigzaniem jest przyjecie, iz rzutnia 'l pokrywa
sie z ptaszczyzng z = 0 uktadu obserwatora. Zalety takiego wyboru
uktadu najlepiej wida¢ przy rzucie ortogonalnym, kiedy rzutem punktu

p = (x,y,z) jest punkt p’ = (x, y,0).



3D projection
In practice: intuitive approach (screen space = view space): rzut rownolegty: szczegélny
przypadek: rzut prostopadty (ortographic projection): computer graphics

In computer graphics, one of the most common matrices used for
orthographic projection can be defined by a 6-tuple, (left, right, bottom,
top, near, far), which defines the clipping planes. These planes form a
box with the minimum corner at (left, bottom, -near) and the maximum
corner at (right, top, -far).

The box is translated so that its center is at the origin, then it is scaled
to the unit cube which is defined by having a minimum corner at
(-1,-1,-1) and a maximum corner at (1,1,1).

In this case the orthographic transform can be given by the following
matrix:

2 0 0 _ right+left
right—left right —left
0 2 0 __ top+bottom
top—bottom top—bottom
0 0 -2 far+near
far—near far—near

0 0 0 1



3D projection
In practice: intuitive approach (screen space = view space): rzut rownolegty: szczegélny
przypadek: rzut prostopadty (ortographic projection): computer graphics

In [Mad, 2014] on page 75 you can find orthographic projection matrix
defined as

2

width 0 0 0
0 height 0 0
0 0 far—near 0
0 0 negre ir)‘”ar 1

With this matric the box is translated so that its center is ..., then it is
scaled to the unit cube which is defined by having a minimum corner at
(...) and a maximum corner at (...).



3D projection

In practice: intuitive approach (screen space = view space): rzut réwnolegty

Uogdlniajac rzut ortogonalny na dowolny rzut réwnolegty w ktérym
kierunek rzutu réwnolegtego tworzy z rzutnig N kat a otrzymujemy
nastepujace wsp6trzedne x’ i y’ rzutu punktu p = (x,y, z)

x' = x+rcosp
y' = y+rsing
gdzie r = xctga a ¢ jest katem nachylenia prostej przechodzacej przez
(x,y,0)i (x’,y’,0) do osi x. Uzyskanie wartosci dla « i ¢ nie jest trudne,
gdyz zwykle kierunek d wyraza sie wtasnie przez podanie tych katéw a
nie odpowiednich sktadowych tworzacych wektor d.
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3D projection: A Diirer Woodcut

Intuitive approach (screen space = view space): rzut perspektywiczny




3D projection

In practice: intuitive approach (screen space = view space): rzut perspektywiczny

Utozsamiamy obserwatora ze $rodkiem rzutowania e, ktéry znajduje sie
na ujemnej czesci uktadu w punkcie (0,0, —e,) (a wiec korzystamy z
lewoskretnego uktadu wspétrzednych, left-handed coordinate system).

N



3D projection

In practice: intuitive approach (screen space = view space): rzut perspektywiczny

Korzystajac jedynie z wiasnosci podobienstwa trojkatéw bez ktopotu
znajdujemy zaleznoSci pomiedzy p i p’

y _Y

Z+ e, e,

€z

Z+ e,
gdzie zfr‘e nazywane jest skala podobienstwa
otrzymujemy ostatecznie

y' =y

. Oznaczajac jg przez s

x' = xs,
/

y =Y



3D projection

View frustum

In 3D computer graphics, the viewing frustum or view frustum is the
region of space in the modeled world that may appear on the screen; it is
the field of view of the notional camera. The exact shape of this region
varies depending on what kind of camera lens is being simulated, but
typically it is a frustum of a rectangular pyramid (hence the name). The
planes that cut the frustum perpendicular to the viewing direction are
called the near plane and the far plane. Objects closer to the camera than
the near plane or beyond the far plane are not drawn. Often, the far plane
is placed infinitely far away from the camera so all objects within the
frustum are drawn regardless of their distance from the camera.



3D projection

View frustum

W tym podejsciu $rodek rzutowania e pokrywa sie z wierzchotkiem
ostrostupa widzenia a w konsekwencji screen space (czyli rzutnia M) nie
jest tym samym co uktad obserwatora (view space). Zadania stawiane
przed nami w tym podejsciu to:

@ wyznaczenie wierzchotkéw lub ptaszczyzn ograniczajacych ostrostu
widzenia;

@ rozstrzyaganie czy punkt p lezy wewnatrz ostrostupa widzenia (w
szczeg6lnosci interesuje nas wspétrzedna z — jej znajomo$é pozwoli
nam wyznaczac obiekty zastaniane — o ktérej nie mielismy zadnej
informacji w poprzednim podejsciu);

@ poszukiwanie wspétrzednych rzutu perspektywicznego p’ punktu p w
uktadzie ekranu (screen space) a wiec na rzutni [1.



View frustum

View frustum parameters

Before we start calculation notice that the view frustum is defined by two
sets of parameters
@ Set of view parameters:
e the camera position,
o the look and up vector.
The up vector determines the tilt of the scene. These parameters
determine the general direction and orientation for the view frustum.
@ Set of projection parameters:
o The field of view (fov) parameter determines how much of the scene
will be visible.
e The near plane and far plane parameters are distances that define
clipping planes.
o The aspect ratio parameter defines the ratio between the width and
height of the view volume (width is defined in the direction of the
right vector, height is defined in the direction of the up vector).

These parameters determine the shape for the view frustum.



View frustum

Height of view frustum

Assume that view space is defined by unit vectors e; = (1,0,0),

e =(0,1,0) and e3 = (0,0, 1) coresponding to right, up and look vector
respectively. Then it is very easy to calculate the centres of the near and

far clip plane. Denote by e top of the frustum — typicaly e = (0,0,0), n -
distance to near clipping plane, f distance to far clipping plane.
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View frustum

Height of view frustum

With the above we have

n. = e+ ne; =(0,0,0) + n(0,0,1) = (0,0, n)
Finally

e+ne3,
e + fes,



View frustum

Height of view frustum
We can now use centre points as base points to calculate the corners of
the near and far clip plane.

N



View frustum

Height of view frustum

The half height of the near and far plane are given by

h, = ntg(y),
he = fig(p),

where ¢ is a half the field of view in radians.



View frustum

Width of view frustum

For the width of the near and far plane we need to take the aspect ratio

into account
w, = hga,

wr = hra,

where a is a given aspect ration (which sholud fulfil the following

i — Wa _ Y
equation a = 42 = h,)'



View frustum

Coordinates of the 8 points that define the view frustum volume

Parb
Pnrt
Pnit
Pnib

Pfrb
Pfrt
Prit
Piib

ne — hpes + wyey,
ne + hpes 4+ wyey,
ne + hpex — wpey,
ne — hne2 — Wpéq,

fo — hres + wrey,
fo + hres + wrey,
fo + hrer — wrey,
fc — hfeg — Wreq.



View frustum

Homogeneous clip space. Transformation of x and y

Now we are going to transform a vertex in the view frustum to a
homogeneous coordinate in the unit cube. Assume that the view frustum
is defined as a pyramid starting at point e = (0,0,0) and left-handed
coordinate system is used.

We start with the formula for the x and y value. The projected x and y
coordinates can be found by projecting the x and y values of the vertices
on the near plane and dividing by half the near plane width and height
(see figure and compare with previous part of this lecture).



View frustum
Homogeneous clip space. Transformation of x and y

As we have seen before, the formula for the y’ coordinate is easy to
derive by application of congruent triangles

!

Yy

]
n z
where n is the length of n. vector. In consequence

,_yn

z




View frustum

Homogeneous clip space. Transformation of x and y

Now have a y’ value in the range [—h,, +h,] for vertices inside the view
frustum. For a correct DirectX or OpenGL projection transform we need
to calculate a y’ value in the range of [-1, +1]. To do this, we just need
to divide the y’ value with half of the near height. Because the half
height of the near plane, previously calculated, is given by

h, = ntg(ep),
then
y// _ yn
zntg(p)’
and finally
" y
ztg(p)

The final y” coordinate is inside the [—1, +1] range for vertices inside the
view frustum.



View frustum

Homogeneous clip space. Transformation of x and y

The x coordinate is calculated in exactly the same way as y, but we need
to take the aspect ratio of the view frustum into account

where n is the length of n. vector. In consequence
xn
X/ = —.
z
Again, for vertices inside the view frustum, x’ is in the range [—w,, +w;]
and this range needs to be converted to the range [—1, +1]. The aspect
ratio for a perspective transform which defines the width of the near

plane relative to the height of the near plane is equal to

Wp
a=—
hn
so we have
w, = ah,,



View frustum

Homogeneous clip space. Transformation of x and y

In consequence we have

s xn
~ zantg(yp)’
and finally In consequence we have
X
x'= —.
zatg(p)

Again for vertices inside the view frustum, x” is inside the range [—1, +1].



View frustum

Matrix form for the transformation

As always we want to apply the formulas via a 4x4 matrix. The following
matrix is only valid for the transformation of the x and y coordinates
(matrix is in row major order)

1
SABRY
v, 2,1 tg(¥)
oy.z 1) 0 1 1
0 0 0 0
x y

[X’,y/,Z/, W/] —



View frustum

Matrix form for the transformation

If we divide this homogeneous coordinate by the w’ coordinate to convert
to a normal 3D coordinate, we get the following result

x'y 7 X y w’
ww!w' | | awtg(p) witg(p) w |’

x y Z X y
xyozi_| X Y 4.
w'’w'w! azg(y) ztg()
The x and y coordinate are correct, however the z coordinate is messed

up, it is always one. So we have to change something in the perspective
matrix to create a valid z value.



View frustum

Transformation z coordinate: shift and scale

The DirectX and OpenGL pipeline requires that the z value after the
perspective transform is in the range [0,1] (or [-1,1] for OpenGL). The z
value before previously discussed transform is in the range [near, far]. We
start with a simple range conversion that will transform the [n, f] range
to the range [0, 1].

Because the shift z — n transform the [n, f] range to the range [0, f — n],
so

Z—n
f—n

transform the [n, f] range to the range [0, 1]. J

To fit this conversion into the transformation matrix we have to split it
into 2 terms, a factor to scale z with and a factor to shift

z —n

f—n+f—n'




View frustum

Transformation z coordinate: shift and scale

Taking both factors, our matrix takes the form

1

atg(e) (1) 8 g
1 tg(«)
[Xa.yaza ] 0 0 fln 1
0 0 —= 0
X/ﬂyI7Z/7W/ = { x ) y 7Z_nﬂz:|'
[ ] atg(p) tg(p) f—n

Unfortunately, this is still not correct. When we convert the homogeneous
coordinate back to a normal 3D coordinate we get

¥y [ x oy 2o
w'ww' | |aztg(p) ztg(e) (F —n)z|



View frustum

Transformation z coordinate: shift and scale

Notice, that the homogeneous conversion which results the form

Xy Z] X y z—n
www' | |aztg(p) ztg(e) (f — n)z

reintroduces undesirable term (%) into the transformed z coordinated,
which breaks our conversion. Fortunately there is a quick fix to restore
the range for the z values: it is enough multiply the shift factor with the
f value (because division by z introduced range [0, ¥])

1

atg(yp) 0 0 0

[ 1 tg%@) 0 0

Xa.yaz)] 0 0 fl 1
—n

0 0o # 0

...,
|
3



View frustum

Final matrix

1
i T
1 tg(y)
[X?.y?z5 ] 0 0 fin 1
0 0o ~ o0
— n)f
Xl’.ylﬂz,7 W, = |: x k) y 5(2 n) 7Z:|
[ ] atg(y) tg(y) f—n

[x' y' z’]:{ X y (z—n)f}

www aztg(p)’ ztg(p) (f — n)z



View frustum

Final world

Unfortunately the division by z introduces the non linearity of the z
buffer. This non linearity is usually sold as beneficial for the precision of
the z buffer close to the camera, however it dramatically reduces the
resolution of the z buffer a bit further from the camera. For example, if
the near plane is set to 1 and the far plane is set to 100 than when z is
40 the resulting transformed z’ is allready at 0.98, leaving only a small
amount of resolution to the following 60% of the scene.



View frustum

Convert to screen space coordinates

Because our transformatio transforms the vertices to the range of [—1,1]
we need to convert the range [—1,1] to the range [0, window width] for
the x coordinate and to the range [0, window height]| for the y
coordinate. The window width and window height are expressed in pixel
units. The formula for this conversion is

The same expressed as a matrix

[X7y7Z’ 1]

NjE © OnNs
N> ONI> O
oo O
= O O O
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